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Abstract 
This work represents an effort to achieve greater understanding on the lubrication of engine 
journal bearings and develop a model which can be used in future work for the optimization of 
load carrying capacity and minimization of frictional power loss.  
In a first step a model is presented which include dynamic loading, cavitation, non-Newtonian 
lubrication and groove geometry. The model is incorporated in a commercial multiphysics 
software (COMSOL). Cavitation and non-Newtonian lubrication are complex phenomena which 
require model simplifications. Cavitation model simplification has been chosen after evaluation 
of solutions found in literature while a new model one has been proposed for non-Newtonian 
lubrication. 
The simulation model for journal bearings has then been used to analyze bearing performance 
under geometrical and oil parameters variation. Main results include that typical oil definition 
with viscosity values at high and low shear rates is insufficient and that higher eccentricity in 
operating conditions helps bearing stability against perturbations.  
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Nomenclature 
a Length of the interval used on section 4.7. Cavitation [m] 
C Radial clearance [m] 
e Eccentricity [m] 
ei i=x’,y’. Coordinates of journal center position in coordinates x’y’ [m] 
ëi i=x’,y’. Acceleration of journal center in coordinates x’y’ [m/s
2] 
Ef Power dissipation [W] 
FB Body forces [N] 
Fci i=x’,y’. Forces due to surface contact pressure in coordinates x’y’ [N] 
Fi i=x’,y’. Load carrying capacity/Force made by pressure distribution in coordinates x’y’ [N] 
GW Groove width [m] 
h Clearance/Film thickness [m] 
hmax Maximum clearance on geometry used in section 4.7. Cavitation [m] 
hmin Minimum clearance on geometry used in section 4.7. Cavitation [m] 
H Clearance increase in grooves [m] 
kpi i=x,y. Parameters for equations ( 66 ), ( 70 ) and ( 71 ) [Pa/m] 
L Bearing width [m] 
m Shaft mass [kg]/ Fitting parameter in non-Newtonian equations 
mx Mass flow on x direction [kg/(m·s)] 
n Fitting parameters in non-Newtonian equations 
k Parameter used to control cavitation and non-Newtonian equations [-] 
p Hydrodynamic pressure [Pa] 
  Dimensionless pressure [-] 
p0 Pressure defining reference state in Diaz equation (equation ( 36 )) [Pa] 
pa Ambient pressure [Pa] 
pc Pressure due to surface contact [Pa] 
pcav Pressure at which cavitation starts [Pa] 
Nomenclature 
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pG0 p0-pv. In Diaz equation (equation ( 36 )) [Pa] 
pi i=x,y.    
  
  
 [Pa/m] 
pi’ i=x,y. Modification of pi in order to avoid numerical problems [Pa/m] 
ps Oil supply pressure [Pa] 
pv Liquid vapor pressure in Diaz equation (equation ( 36 )) [Pa] 
qy Variable defined to calculate equivalent viscosity on y direction [Pa] 
qymin Limit of qy defined to avoid numerical problems [Pa] 
R Bearing radius [m] 
t Time [s] 
u,v,w Fluid velocities in directions x, y and z [m/s] 
U Bearing surface velocity on x direction [m/s] 
V Velocity vector [m/s] 
Vev Value obtained with equivalent viscosity methods presented on this work [N] or [W] 
VGecim Value obtained from Gecim’s work [N] or [W] 
Wi i=x’y’. Applied load in coordinates x’y’ [N] 
xyz Coordinates system for the unwrapped bearing representation [m] 
x’y’ Coordinates system for the 2D wrapped bearing representation [m] 
 Force angle [rad] 
 Parameter in equation related to oil stability threshold [Pa]/ Fraction of air in Diaz 
equation (equation ( 36 )) [-] 
0 Fraction of air at reference condition in Diaz equation (equation ( 36 )) [-] 
i i=x,y. Shear rate in coordinates xy [s
-1] 
        i=x,y. Arithmetic mean of absolute value of shear rate in coordinates xy [s
-1] 
 e/C. Dimensionless eccentricity [-] 
 Attitude angle [rad] 
 Viscosity [Pa·s] 
0 Fitting parameter in non-Newtonian models [Pa·s] 
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1 High viscosity or first Newtonian viscosity on double Newtonian models [Pa·s] 
2 Low viscosity or second Newtonian viscosity on double Newtonian models [Pa·s] 
i i=x,y. Equivalent viscosity in coordinates xy [Pa·s] 
ξ Variable used to define integrals in functions G, Ginv and G2 [s
-1] 
 Density [kg/m3]  
0 Density of liquid under atmospheric pressure in section 4.7. Cavitation [kg/m
3] 
 Shear stress [Pa] 
0 Fitting parameter in non-Newtonian models [Pa] 
e Fitting parameter in non-Newtonian models [Pa] 
ij i,j=x,y. Components of shear stress tensor in coordinates x,y [Pa] 
i i=x,y. Shear stress in coordinates x,y [Pa] 
 Angle used to define clearance. Equation ( 2 ) [rad] 
 Circumferential angle [rad] 
 Energy losses per unit of volume [W/m3] 
 Angular velocity of the journal [rad] 
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1. Introduction 
Automotive industry is an important and very competitive industry. Therefore, it has invested 
much effort in R&D. Great improvements on aerodynamics, comfort, performance, safety, 
manufacturing, etc. have been achieved during the history of this industry and the competition 
to achieve better features for the vehicles has been strong.  
As stated by [1], the industry nowadays faces a significant change in many different areas. One 
relevant change is about energy efficiency and pollution. Costumers’ priorities have changed 
and fuel efficiency and eco-friendly criteria have gain a significant importance. This tendency, 
far from decreasing, is expected to be more relevant in the future. European Union policy also 
goes in this direction. The strategy defined in 2010 [2] for clean and energy efficient vehicles 
include both fuel consumption and CO2 emissions limitations.  
Vehicle manufacturers cannot ignore this issue and most manufacturers have defined 
environmental policies to face this challenge ([3], [4] as an example). Environmental 
achievements cannot, however, go against established safety, quality, reliably, performance 
and comfort standards as consumers still demand them. All this points must be considered 
together to achieve a successful design. 
In this scenario, there is a strong need to make engines more efficient and, therefore, to 
search for power looses within the engine and reduce them. According to [5], the most 
significant looses in an engine come from three tribological components: piston assembly, 
bearings and valve train, in this order of relevance. This work focuses in the main and 
connecting rods bearings of the engine. 
The kind of bearings used in engines is journal bearings, used to support a radial load. These 
bearings have a cylindrical shape and are placed around the journal. The most common journal 
bearings, and those used in engines, have a 360o arc [6]. These bearings have several 
advantages such as low friction and wear, good heat dissipation through the oil, and reduction 
of noise and vibrations. Its lubrication is really important as contact between surfaces would 
cause rapid wear. 
In a steady operation the journal will be in a position defined by the eccentricity and the 
attitude angle. The first one is the distance between the center of the journal and the center of 
the bearing. The attitude angle is the angle between the load line and the line defined by the 
bearing and the journal centers. If the fluid film in this position is able to carry the applied load 
the components will be full lubricated, limiting the friction to viscous shearing. This situation is 
created by the eccentricity and the rotation of the journal. Because of this, this lubrication is 
known as hydrodynamic lubrication.  
The eccentricity of the journal creates a variable clearance between journal and bearing’s 
surfaces, creating two wedge areas, one convergent and one divergent. The journal’s rotation 
forces the fluid film into the convergent wedge and increases notably its pressure. This 
pressure carries the load. 
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If load is dynamic another effect also takes place in conjunction with the wedge effect. 
Variations in load magnitude will also vary the eccentricity and, thus, the distance between 
surfaces. When decreasing this distance, the fluid is squeezed and forced out of the bearing. 
This will create a resistance, in form of a pressure distribution on the fluid which will work 
against the load. When increasing the distance, a suction of the fluid will be produced, 
decreasing its pressure [7]. 
In a full film lubricated bearing the friction is only due to the viscous shear, an intuitive way of 
reducing friction is to reduce the viscosity of the lubricant, as this will reduce shear forces. This 
solution, however, reduces the film thickness and may lead to mixed lubrication or contact 
between journal and bearing’s surfaces, which will increase friction as well as reduce bearing 
life.  
Today’s design procedure is based in handbooks provided by the bearings manufacturer. These 
are easy to use and suitable for many applications but the theory behind them is too simple to 
safely optimize the viscosity. Also, dynamic performance cannot be taken in account with this 
procedure. Therefore, a more complex theory must be applied when designing and a tool 
capable of correctly simulate the bearing lubrication becomes necessary. 
This thesis aims to develop such a simulation tool. 
Multigrade motor oils are typical examples of non-Newtonian oils. Therefore, a proper 
modeling of the lubricant rheology must be set up, considering the effect which the shear rate 
produces on it. High shear rate can modify lubricant’s structure leading to lower viscosity. This 
behavior is sometimes desired and sometimes a consequence of additives added for other 
reasons. In both cases bearing performance is modified significantly forcing the designer to 
consider it if trying to optimize. Also the effect of temperature and pressure must be 
evaluated. 
In order to have a proper model of the lubrication, other important physical effects must be 
considered before taking in account the rheology of the lubricant. 
Cavitation occurs when pressure drops under atmospheric saturation pressure, when dissolved 
air tends to come out of the solution forming cavity bubbles. When this happens, liquid cannot 
cover all the clearance space and the film ruptures. This incomplete film carries the bubbles to 
the loaded part of the bearing. Within this displacement the bubbles’ pressure grows and its 
volume decreases as the air redissolves in the oil. This situation is encountered on the 
divergent wedge zone of the bearing and also when the clearance increases due to load 
variation. 
Vapor cavitation, unlike gaseous cavitation explained before, occurs when high frequency load 
is applied. In this situation pressure drops under fluid vapor pressure and oil vaporizes. Then, 
when pressure rises again, the oil bubbles collapse in a high-impact pressure which can 
damage severely the surfaces [6]. The effect of this cavitation on pressure distribution (not 
high-impact pressure) can be taken into account the same way as gaseous cavitation. 
Damaging effect of high-impact pressure, however, will not be attended on this work.  
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Dynamic load is also a factor to be considered. The load carried by the bearings follows the 
combustion engine cycle, with great variation of its magnitude during it. Therefore, the model 
shall include this variation in order to give an appropriate picture of what is happening inside 
the bearing.  
The geometry of the bearing is also to be considered. Two main features have been 
considered: radial clearance and grooves. Radial clearance is defined as the clearance when 
the eccentricity is zero, which equals to the difference between the journal and the bearing 
radius. A lower radial clearance will increase the wedge effect for same eccentricity, increasing 
at the same time pressure and load carrying capacity. A higher radial clearance will need 
greater displacement of the journal but it will also leave greater distance between surfaces, 
making the contact more unlikely. Grooves are there to guarantee a correct supply and 
distribution of the oil. However, they can also influence the flow distribution as they increment 
the clearance in their area. 
The simulation tool has been implemented in the commercial multiphysics software COMSOL. 
This software allows the user implementing different oil models, bearing geometries and 
running conditions. It works by discretizing partial differential equation with finite elements.  
Using this commercial software makes it possible to on the physical problem, since solvers for 
differential equations are already implemented and optimized. It becomes also easier for other 
users to understand the model and improve it or use it for future work. 
It has, however an important drawback which comes from its advantages. Since solvers and 
model implementation is already programmed, difficulties are found when implementing non 
Newtonian effects and cavitation. Some theoretical models cannot be solved with solvers 
available in COMSOL and some others become slower since solvers are not optimized for 
them. Advantages on transferring information and knowledge have been found, however, 
more important, and, therefore, adaptation of the model has been tried.  
This work will be divided in seven chapters, including this introduction.  
In chapter 2 objectives of the thesis will be clarified. Chapter 3 will show a review of work done 
by previous researchers and different ways they have applied to study the journal bearing.  
In chapter 4, the model developed will be presented. A first description of a simple 2D static 
model will be presented since it will help to describe the influence of different parameters. 
This model will then be adapted to the 3D dynamic model searched. All this features are 
already well established and will only be described. Deeper analysis will be performed for 
cavitation and non Newtonian effects. Since the most advanced and accurate models cannot 
be applied in COMSOL, different simplified models will be tested and analyzed. On cavitation 
study, the test will focus mainly on existing models, while a new approach will be proposed for 
non-Newtonian lubrication. 
In chapter 5 both dynamic and static studies will be performed using the model defined in 
chapter 4. These studies will focus mainly on friction losses and bearing stability (i.e. the time it 
needs to reach stationary or displacement introduced by force variation). 
1. Introduction 
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Finally, in chapter 6 conclusions extracted from this work will be summarized and in chapter 7 
possible future work and proposed improvements will be presented.   
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2. Objectives of the thesis 
The main aim of the thesis is to develop a simulation tool which can serve as a basis for future 
work with truck companies in Sweden. This model should be used to optimize power losses 
due to friction on truck engines. 
This model should, therefore, consider the application of dynamic load, cavitation for 
lubricant, non-Newtonian behavior of lubricant and geometrical aspects of the bearing such as 
such as grooves and radial clearance. All this features shall be analyzed and an implementation 
of them shall be found which combine sufficiently accurate results and sufficiently low 
computational costs. Also, its consideration must be general enough to allow using this model 
in wide range of future work. 
The use of commercial software when developing the model is also preferred due to reasons 
expressed on Introduction. Therefore, another objective would be to guarantee that 
implementation of previous physical effects can be done in COMSOL. 
The model itself should be able to show how important are friction losses but also to show 
which lubricant is better and how different parameters from geometry or the oil influence in 
the bearing performance. 
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3. Summary of literature survey 
In a journal bearing, there is a clearance between the journal and the bearing. In its operation, 
the journal and the bearing are not concentric; this leads to converging and diverging gap 
geometry. Figure 1 shows this situation, exaggerating the clearance. When lubricant is 
introduced on the convergence geometry due to journal rotation, a hydrodynamic pressure is 
build. If this pressure is sufficient to separate journal and bearing (full film situation), an 
important reduction of friction and wear is achieved. Also, when journal approaches the 
bearing, lubricant is squeezed out of it. The resistance showed by the oil in this situation also 
builds a pressure distribution, which makes the bearing more stable. 
 
Figure 1. Sketch of gap geometry on journal bearings. 
Hydrodynamic pressure was first discovered by Beauchamp Tower on 1883. Investigating 
lubrication effect on friction in high sliding velocities, he could reach two important 
conclusions: friction coefficient varied strongly with load and speed (this enters in 
contradiction with Coulombs law) and low friction coefficients were found. In a final step, he 
introduced an oil feed hole on the experiment. The oil was found to rise upwards in the hole, 
indicating a pressure formation. He then tried to measure this pressure but gauge used was 
found to be insufficient to measure high pressures obtained [7].  
Osborne Reynolds showed then interest on Tower’s experiment and studied pressure 
formation on convergence gap situations. In his study [8], he presented an equation governing 
the fluid behavior in thin films by simplifying the Navier-Stockes equation and the mass 
continuity equation (equation ( 1 )). This equation, commonly called Reynolds equation, is still 
the basis for most studies involving two surfaces with sliding lubricated movement.  
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Due to their wide range of application, journal bearings have been extensively studied by many 
authors. First analytical solutions of Reynolds equation where found by considering infinitely 
long journal bearing and thus neglecting the axial direction. Sommerfeld [9] obtained this 
analytical pressure distribution by applying the full-Sommerfeld boundary conditions (pressure 
at maximum clearance point equals to zero). 
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In 1929 another analytical solution was presented for infinitely short journal bearings. In this 
solution, the pressure flow term in the circumferential direction was neglected.  
Finally, a numerical solution was implemented for so called finite journal bearings. This 
solution requires much more calculation power but can also be much more accurate [6]. 
Research on particular effects occurring in lubrication of sliding surfaces and specifically in 
journal bearings have been also carried by many authors. 
Dynamic studies have been conducted by some authors like Hattori [10] by finding linear 
equivalent mass, stiffness and damping coefficients. Also, the mobility method has been used 
for some authors like Vincent [11] and Flores [12]. Most authors, however, use finite elements 
or finite difference method to numerically solve the Reynolds equation and therefore use the 
time dependent methods inherent of those two numerical methods.  
First analytical solutions of Reynolds equation as full-Sommerfeld solutions lead to negative 
pressures in divergent geometries with values similar for positive pressures in convergent 
gaps. These negative pressures are unrealistic since liquid cannot hold them. In this situation, 
baubles are formed and pressure does not drop to reach negative values. This phenomenon is 
known as cavitation. Two different cavitation phenomena have been detected. Air cavitation 
occurs when baubles are formed from air entrapped in the lubricant and vapor cavitation 
occurs when baubles are formed from gasified lubricant. Effect of these two phenomena on 
the bearing is different because vapor cavitation cause high pressure impulses which damage 
bearing surface.  Their effect on pressure distribution can, however, be assessed the same 
way. 
Cavitation phenomena have been widely studied and different methods have been developed 
to account for it in bearing simulation, as stated by Braun and Hannon [13]. Half-Sommerfeld 
solution, presented by Gumbel [14], was the first of these solutions. It consists in neglecting 
the negative pressures obtained with full-Sommerfeld solution. Swift [15] and Stieber [16], 
working separately proposed a solution in which pressure gradient turns to zero where 
cavitation starts. That was seen as a continuity condition. This was not, however, a mass 
conservative solution and it was not suitable for modeling the reformation of the film [17]. This 
kind of solution has been applied, for example, with penalty methods leading to proper results 
is some situations (mainly when reformation is not needed). An example of this use is the work 
done by Wu [18]. 
The first mass conservative boundary conditions, both in the rupture and regeneration of the 
film, were established by Floberg, Jakobson and Olsson. This theory, known as Jakobson 
Floberg Olsson (JFO) cavitation theory assumed that the liquid is transported in form of 
striations adhered to both surfaces [17]. Although the theory is wildly accepted, it has the 
problem that the cavitation boundary is unknown a priori. Elrod [19] solved this problem by 
developing an algorithm following the JFO theory. This algorism used a dimensionless density 
c and a switch function which allows the use of the same equation for both the 
cavitation and non-cavitation region. In this algorithm, θ has two interpretations, as it is the 
dimensionless density in the non-cavitation zone and it represents the fraction of volume 
occupied by liquid in the cavitation zone. 
Modeling of combustion engine bearing lubrication 
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Several improvements have been done to the Elrod algorism, for example, that made by 
Vijayaraghavan and Keith [20]. 
In 2010 Giacopini et al. [21] proposed a new algorism consisting of a mass conservative 
complementary formulation. In this, no switch function is needed to apply the same equation 
in both zones.  
Finally, Feng [22] proposed a formulation where density and viscosity were reduced in the 
cavitation regions. This formulation had the advantage of having physical sense. Same ideas 
were followed by some researchers like Diaz [23] and Nikolajsen [24], but it has never been as 
accepted as the Elrod solution.  
Non-Newtonian effects have also been studied extensively trying to achieve both a good 
understanding of shear rate and shear stress relation and a proper formulation of Reynolds 
equation in order to include this rheological relationship. 
Models describing viscosity relationship with shear rate have been derived long time ago. As 
an example, power law model was used already in 1960 [25]. Also, in 1965 Cross [26] 
developed a formulation including two Newtonian regions by considering that links between 
molecular chains were broken due to shear rate.  These models have been used by many 
authors after them. Double Newtonian models have also been modified in different studies 
like those performed by Gecim [27] or Yasuda [28], as an example. Bair [29] shows a good 
review of different models. Other relevant methods include Ree-Eyring model, Bair and 
Winner model [30] and Rabinowitsch model [31]. 
The inclusion of these models to the Reynolds equation has also been subject of study. Power 
law model has been widely used due to the simplicity of its solution, giving an expression 
similar to the Newtonian Reynolds equation [32].  Other analytical expressions have been 
looked for different authors. Ehret [30] used in 1998 a perturbation method to give an 
approximate solution for non-Newtonians fluids whose viscosity could be expressed as 
function of shear stress. Greenwood [33] presented an exact method which included 
numerical integrals. He also solved analytically these integrals using a linear approximation 
leading to the same results. Bair [29] also presented exact derivations for different viscosity 
models and 1D problem. Other authors, like Paranjpe [34] and Gecim [27] left the integrals 
unsolved in the Reynolds equations and solved them numerically, allowing the use of any 
viscosity model.  
In parallel, a generalized Reynolds equation has been searched, which can include different 
parameters modifications (as an example, compressible fluid, piezoviscous effects or non-
Newtonian effects) without the need to introduce more equations into the model. A first 
attempt, which assumed Newtonian fluid, was carried by Dowson [35] in 1962. Later, in 1990, 
Peiran and Shizhu [36] proposed a generalized equation which included non-Newtonian 
effects. These equations are, however, much more complex than Reynolds equation. 
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4. Model 
In this chapter a model to evaluate lubrication performance of journal bearings will be 
presented. A 2D bearing in stationary performance will be described first in order to clarify 
how basic parameters affect bearing behavior. Then, this basic model will be evolved to a 3D 
bearing and dynamic load, surface roughness, cavitation and non Newtonian effects will be 
included and discussed. Finally, brief considerations of numerical solutions will be described.   
4.1. Definition of reference and coordinate systems 
The reference used in this work assumes that journal is not rotating. Although in most 
applications the journal is rotating while the bearing is fixed, this reference allows working 
only with the bearing and, thus, simplifies the model.  
 
Figure 2. Coordinate system used 
Coordinate system used here, defined by x’ and y’ axis is defined as shown in Figure 2. Angle  
is defined clockwise starting at x’.  
The relative position between the journal and the bearing is defined by the attitude angle θ 
and the eccentricity e. The attitude angel is the angle between the applied load (y’ in 
representation of Figure 2) and the line defined by both centers and the eccentricity is the 
distance between centers.  
Clearance between journal and bearing can be expressed, in a simplified way (see [6]), as: 
                  ( 2 ) 
where C is the radial clearance, defined as the difference between journal and bearing radius, 
and φ is used to define the minimum clearance position. If load is assumed to have the 
direction of y’ axis, this angle is related to attitude angle by the expression: 
   
 
 
    
 
( 3 ) 
 
Since curvature will be neglected, the 2D bearing can be solved on a line by unrolling it. 
Following most authors the coordinates used in this case are x for the circumferential 
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dimension (x = R) and z for the radial dimension i.e. clearance dimension. When using 3D 
unwrapped bearing, axial dimension will be represented by y axis.  
4.2. Reynolds equation 
The study of fluid flow is based in conservation laws of mass, momentum and energy. The 
mass conservation law and momentum conservation law (also known as Navier-Stockes 
equation) can be written as follows: 
 
  
  
           ( 4 ) 
  
  
  
            
 
( 5 ) 
 
where ρ is the density, V the velocity vector, FB the body forces vector, τ the shear stress 
tensor and p the pressure. 
The solution of these equations needs a big computational effort. Reynolds [8] proposed in 
1886 a simplified equation which allows calculating pressure distribution in thin film flow. The 
assumptions made to find this solution are: 
1. The fluid is assumed to be Newtonian 
2. Inertia and body force terms are neglected 
3. Variations of pressure and liquid properties across the film are neglected.  
4. Flow is considered to be laminar 
5. Curvature effect is negligible. This means that the radius of curvature is big compared 
to the film thickness. 
A justification of this assumptions and a detailed derivation of Navier-Stockes equation and 
mass conservation law be found in [6]. A brief description of it will be reproduced here since it 
will be of use for the following work. 
Using these simplifications Navier-Stockes equation reduces, in xyz coordinates, to: 
 
  
  
 
 
  
   
  
  
 
  
  
 
 
  
   
  
  
 
 
 
( 6 ) 
 
where µ is the viscosity and u, v represents the fluid velocity en x and y direction. 
Equation ( 6 ) can be integrated two times to obtain velocity profile: 
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Applying boundary conditions of equation ( 8 ) in equation ( 7 ) results in velocity profiles of 
equation ( 9 ). 
 
                   
                
 ( 8 ) 
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where h is the film thickness or clearance and U is the velocity of the bearing surface (U=ωR if 
ω is the angular velocity).  
This velocity profiles are now introduced in mass conservation law (equation ( 5 )), which leads 
to the following expression, where w is the velocity in z direction: 
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Equation ( 10 ) is now integrated on z direction, leading to equation ( 11 ).  
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Solving the integrals in previous equation, as detailed in [6], generalized Reynolds equation can 
be obtained: 
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4.3. Steady state bearing in 2D 
4.3.1. Reynolds equation in 1D 
If the bearing is considered infinitely long, gradients in axial direction can be neglected. In the 
stationary case, the second term in the right can be neglected. Also, partial derivatives among 
x become total derivatives. Therefore, Reynolds equation becomes:  
 
 
  
  
  
   
  
  
   
 
 
  
  
 
 
( 13 ) 
 
Note that, as pressure is considered constant in z direction, the equation is only x dependent 
(p and h only depend on x) having a one dimension equation.  
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This equation ( 13 ) is first solved by applying half-Sommerfeld boundary conditions. This 
condition assumes that pressure at maximum h is zero. According to h definition in equation    
( 2 ) and if φ is set to zero, this can be mathematically written as follows: 
                     
 
( 14 ) 
 
This condition also guarantees the periodicity of the pressure distribution. 
In this situation, pressure distribution can be analytically found [6]: 
    
                
                
   
 
( 15 ) 
 
where               is a dimensionless pressure and ε = e/C is the dimensionless 
eccentricity. 
Half-Sommerfeld solution takes in account cavitation by considering only positive pressures. 
Although this is not a good solution for cavitation, it is simple to implement and its analytical 
solution allows validating this first step, as shown in Figure 3 (deeper study about a cavitation 
will be performed in section 4.7). The perfect match between numerical and analytical solution 
was expected, as same considerations and simplifications have been made in both cases. 
 
 
Figure 3. Half-Sommerfeld solution for analytical solution and numerical simulation. R=20mm, C=10µm, 
ω=150rad/s, µ=0,0063Pa·s, ε=0.8 
 
As shown in Figure 4 and Figure 5, the influence of eccentricity (presented as dimensionless), 
radial clearance, velocity and viscosity is significant. An increment of eccentricity increments 
the wedge effect and, thus, pressure is increased. The opposite happens when radial clearance 
is increased. When angular speed is increased, pressure is forced faster into the low clearance 
area, which also increases pressure. Finally, an increase of viscosity increases the resistance 
made by the lubricant when forced to flow into the wedge, resulting also on an increase of 
pressure.  
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Figure 4. Dimensionless eccentricity ε sweep and angular velocity sweep. R=20mm, C=10µm, ω=150rad/s, 
µ=0,0063Pa·s, ε=0.8 
 
Figure 5. Radial clearance C sweep and viscosity sweep. R=20mm, C=10 µm, ω=150rad/s, µ=0,0063Pa·s, ε=0.8 
4.3.2. Applying a known load 
The resultant forces made by the pressure distribution can be calculated by integrating the 
pressure distribution along the circumference. These forces must be equal to externally 
applied loads. 
 
   
 
           
   
 
     
   
 
           
   
 
    
 
 
( 16 ) 
 
where Fi are the load carrying capacities (force made by the pressure distribution) on each 
direction and Wi are the applied loads.  
Here, two equations have been added to the model in order to solve the variables e and φ, 
which are not known a priori.  
Applying Sommerfeld boundary conditions is complicated in this coordinate system as the 
point of maximum clearance is not known a priori. Moreover, its use does not give real insight 
of the problem as real bearings have groves at which pressure can be considered to be known 
(value taken in this case is zero). Therefore, load have been applied in a bearing having two 
groves on the intersections between the x’ axis and the circumference. In mathematical terms 
this means: 
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Half-Sommerfeld consideration on cavitation is still maintained in this step. 
This new system has problems to converge because θ is inside the cosines. In order to avoid 
this problem the following expression has been considered for h: 
 
                       
       
     
               
   
   
    
 
( 18 ) 
 
 
Here, ex’ and ey’ represent the coordinates of journal’s center in x’y’ coordinate system. 
Figure 6 and Figure 7 show dimensionless eccentricity and attitude angle for different applied 
load. As expected, an increase in the load applied produces an increase in both eccentricity 
and attitude angle. It can also be observed that eccentricity grows faster for medium loads and 
much slower for high loads. This means that, at high eccentricities, a small increase of 
eccentricity results in a big increase of pressure. This can be expected if one sees that the 
wedge effect is increased rapidly in this situation.  
 
 
Figure 6. Dimensionless eccentricity vs. applied load. R=20mm, C=10µm, ω=150rad/s, µ=0,0063Pa·s  
 
Attitude angle is reduced when applied load is increased. As eccentricity increases, high 
pressure concentrates (and increases) in a smaller area, resulting on a more significant force in 
the direction of the axis defined by the centers of the journal and the bearing. Therefore, this 
axis must move closer to the load, reducing the attitude angle.  
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Figure 7. Attitude angle vs. applied load. R=20mm, C=10µm, ω=150rad/s, µ=0,0063Pa·s  
 
Although satisfactory results have been achieved, the model has been found to have problems 
when heavy loads are applied, as there is no limitation to eccentricity. This leads to negative 
clearances, which would imply that the journal has penetrated the bearing. Therefore, it must 
be checked whether maximum expected load is close to this situation and, if needed, add 
information about surface contact in the model. 
4.3.3. Power losses evaluation 
When the journal is rotating inside the bearing, energy dissipation is produced due to viscous 
friction inside the fluid. This dissipation can be expressed per unit volume, in one dimension 
and following the same assumptions used until this point, as equation ( 19 ). Friction between 
fluid and surface is not considered since no slip between both is assumed.  
     
  
  
   
  
  
 
 
   
 
  
  
  
       
 
 
 
 
 
( 19 ) 
 
By integrating this expression over the area between journal and bearing, one can find the 
energy dissipation per unit length: 
 
  
 
          
 
 
  
   
 
     
 
  
  
  
       
 
 
 
 
    
 
 
 
   
 
 
 
( 20 ) 
 
The integral over z can be solved analytically, leading to the expression: 
 
  
 
    
  
   
 
  
  
 
 
 
   
 
   
   
 
 
 
( 21 ) 
 
This expression, however, must be modified in order to account for cavitation. When 
cavitation occurs, bearing clearance is not filled with oil and friction is considered negligible. 
Second term in equation ( 21 ), however, gives an important friction in this region. Therefore, 
energy losses have been expressed as equation ( 22 ). 
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( 22 ) 
 
 
where (p>0) is a Boolean expression which equals to one when pressure is greater than zero 
and equals to zero when pressure is zero. 
Figure 8 shows how energy losses increase when external load increases. This can be explained 
by reduction of minimum film thickness and rise of derivative of pressure. Figure 9 shows, 
however, how friction coefficient (calculated as energy losses divided by surface speed and 
applied load) decreases.  
 
 
Figure 8. Energy losses in the journal bearing for different applied loads. R=20mm, C=10µm, ω=150rad/s, 
µ=0,0063Pa·s  
 
Figure 9. Friction coefficient for different applied loads. R=20mm, C=10µm, ω=150rad/s, µ=0,0063Pa·s  
Modeling of combustion engine bearing lubrication 
29 
Division of Machine elements 
 
4.4. Three dimensional bearing 
The infinitely long approximation, although useful to get insight in the problem, cannot be 
used in engine journal bearings. These usually have a ratio L/R close to 1, so they cannot be 
considered infinite. Therefore the general Reynolds equation, as shown in equation ( 12  will 
be used. Since curvature is neglected, the bearing has been unwrapped and the study has been 
done in a two dimensions domain.  
Forces created by pressure distribution shall now be calculated as: 
 
             
   
 
    
 
 
 
 
 
             
   
 
    
 
 
 
 
 
 
 
( 23 ) 
 
 
Boundary conditions are equivalent to those defined in section 4.3.2. Additional boundary 
conditions have been added in each end of the bearing in axial direction. There, pressure has 
also been set to be atmospheric. Since the bearing is symmetric in its center, only half of it has 
been modeled. A symmetry boundary condition has been set in this line. Boundary conditions 
can be set as shown below: 
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Table 1 shows a comparison pressure for different widths (L) and for three different applied 
loads per unit of width. One can see how smaller width implies grater pressure. This can be 
explained considering that the lower pressure region near the boundaries y=±L/2 is more 
significant when L is small. One can also see how as width increases solution approaches, as 
expected, to infinite bearing solution.  
Table 1. Maximum pressure (MPa) obtained for different width and applied load. R=20mm, C=10µm, 
µ=0.0063Pa·s, ω=150rad/s  
 
L [mm] 
W/L [N/m] 20 50 100 200 500 1000 ∞ (1D) 
1e4 0,495 0,467 0,440 0,393 0,346 0,332 0,318 
1e5 7,68 5,17 4,55 3,99 3,52 3,40 3,24 
1e6 141 96,3 78,8 69,4 64,1 62,5 58,4 
 
Figure 11 shows, as an example, the pressure distribution for one of the cases listed above. 
This is qualitatively representative for all of them. 
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Energy losses must also be redefined to adapt it to two dimensions: 
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4.5. Dynamic load 
Dynamic behavior of engine bearings is significant since load can vary greatly in each duty 
cycle. Also, changes are fast enough to discard a static analysis. Figure 10 shows an example of 
this load cycle. Therefore, a dynamic study must be performed if one aims to know bearing 
behavior. 
 
Figure 10. Example of load applied to an engine bearing. Figure obtained from [34]. 
This dynamic study has been realized by solving equation ( 12 )( 12  with a time dependent 
solver. The locus of the journal centre can be obtained by solving the force equilibrium for the 
journal: 
 
              
              
 
 
( 27 ) 
 
These equations have been generalized from those for the static situation (equation ( 16 )). 
This would allow facing situations with non constant load direction.  
The solution of these equations allows an easier convergence since it takes the solution from 
an initial position (zero pressure and eccentricity) to the equilibrium position (if load is 
maintained constant). From there a load cycle can be applied. 
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Figure 11. Pressure distribution. R=20mm, C=10µm, µ=0.0063Pa·s, ω=150rad/s, L=50mm, W/L=105N/m, 
mesh of 1320 elements 
To verify the dynamic model, a first comparison has been made with stationary results. 
Different constant loads and width have been checked. The evolution of the dynamic system 
tends to an equilibrium position which coincides with stationary solution. Figure 12 shows this 
evolution for the same study as showed in Figure 11, where an initial peak followed by 
oscillations is observed. Both the peak and the oscillations reduce and tend to disappear when 
applied load and eccentricity increases.  
 
Figure 12. Dimensionless eccentricity in time dependent solution for different applied loads. R=20mm, 
L=50mm, C=10µm, µ=0.0063Pa·s, ω=150rad/s, W in y direction. 
 
4.6. Surface Roughness 
Reynolds equation tends to a singularity when clearance reach zero in some point (this is 
equivalent to dimensionless eccentricity reaching one and journal contacting the bearing). In 
this situation both right and left sizes of the equation equals to zero. This leads to unstable 
iteration. 
Even more, considering that external load is only compensated by force generated by 
hydrodynamic pressure distribution when clearances tends to zero is physically incorrect, since 
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surfaces start to contact due to roughness. This situation is called mixed lubrication and 
requires a modification of Reynolds equation based on experimental data (see, as an example, 
reference [37]). 
Engine bearings are, however, not designed to work with contacting surfaces and contact shall 
only occur in maximum force peak. This means that contact will represent a small part of the 
load period if occur. Therefore it is possible to model this contact without modifying Reynolds 
equation by adding pressure describing roughness effects. This pressure has been defined 
experimentally by [38] for metal – metal contact. As an example, equation ( 25 ) show the 
equation found in that study. However, new parameters should be found for every specific 
couple of surfaces in contact.  
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Equation ( 27 ) is then modified: 
 
                  
                  
 
 
( 29 ) 
 
where Fcx’ and Fcy’ are the forces produced by pressure distribution pc and can be calculated in 
an analogous way as Fx’ and Fy’: 
 
               
   
 
    
 
 
 
 
 
                   
   
 
 
 
 
 
 
 
 
( 30 ) 
 
This feature enhances convergence and gives physical sense to the solution when clearance 
achieves really low values. It however also increases computational cost and parameters must 
be found experimentally. Therefore, it shall only be used when situation of small film thickness 
is expected. 
 
4.7. Cavitation 
Half-Sommerfeld solution for cavitation has been used until this section because of its 
simplicity. This method, however, is not the most accurate option. The aim of this section is 
then analyze different approaches in order to define the best option to model cavitation. 
Non mass conservative solutions can usually define properly the cavitation formation but they 
cannot find proper reformation boundary. Mass conservative algorithms which match properly 
experimental results have been developed by, for example, Elrod [19] and Giacopini [21]. Their 
implementation, however, require solvers which are not included in COMSOL. Adaptation of 
these methods to COMSOL is out of the aim of this thesis.  
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Different non mass conservative approaches have, therefore, been tested to see which 
approximation is better. A stationary 1D problem has been analyzed since its simplicity helps 
focusing on cavitation and available data in this area is more commonly found for these 
studies. The reference solution has been taken from Giacopini [21] (case 3). Clearance used 
has a divergent convergent shape (see Figure 13) since it gives importance to film reformation. 
It can be expressed as follows: 
      
         
 
 
         
 
             
 
( 31 ) 
 
Parameters used are detailed in Table 2, where a is the length of the interval, U is the surface 
velocity and pa is the pressure applied at each end as Dirichlet boundary condition. Figure 13 
shows the results obtained by Giacopini, which will be the basis to compare cavitation models. 
It also includes results obtained by Kostreva [39], which Giacopini uses for comparison. This 
result corresponds to a non mass conservative algorithm.  
Table 2. Parameters used in cavitation study. 
hmax hmin a µ U pa 
25 um 15 um 125 mm 15 mPa·s 4 m/s 1 MPa 
 
 
Figure 13. Pressure distribution in Giacopini’s case 3 and clearance used. Figure obtained from [21] 
 
4.7.1. Half-Sommerfeld 
This is the approach which has been used until this point. Figure 14 shows the pressure 
distribution for the bearing configuration analyzed.  It can be seen that pressure distribution is 
close to the non mass conservative solution in Figure 13. 
4. Model 
34 
Luleå University of Technology 
 
Figure 14. Pressure distribution with Half-Sommerfeld approach. 
4.7.2. Variable density 
This approach consists in reducing density when pressure is below cavitation pressure. Density 
is then defined as: 
          
 
( 32 ) 
 
where ρ0 is the density of the liquid under atmospheric conditions and f(p) is a function which 
is equal to 1 when p is greater than a cavitation pressure and drops to zero when bellow it. If 
density is the only parameter modified in Reynolds equation, both right and left side would be 
equal to zero when density is equal to zero. To solve this, viscosity can be modified in the same 
way. Then Reynolds equation can be written in a 1D stationary case as: 
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This approach can have physical sense if a proper function is defined (see [23], [22] or [24]). It 
is also mass conservative when ρ is greater to zero. This can be seen when analyzing the one 
dimensional mass flow: 
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When density is zero, however, mass flow is also zero and therefore the derivative in equation 
( 35 ) is not true. This leads to non conservation of mass and instabilities. One can see in 
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simulations how, when density rise again, mass flow rise to a value which is different to the 
one it has had previously.  
The model defined by Diaz [23] is first used to define density and viscosity. It establishes that 
density is proportional to the liquid volume fraction (1-β). The air volume fraction β can be 
calculated from equation ( 36 ). 
   
 
  
    
   
 
 
  
   
 
 
( 36 ) 
 
where pv is the liquid vapor pressure, and β0 is the air volume fraction at the reference state 
defined by pG0 = p0-pv, which is typically chosen as ambient pressure. 
Evaluation of β0 and pG0 is complicated and is also dependent on bearing configuration. 
Therefore, all constants will be joined in a constant named k. Influence of this constant will be 
tested.  pv is considered also to be small compared with usual pressures. In this situation, f(p) 
can be written as: 
             
 
    
 
 
( 37 ) 
 
Here, the pressure at which cavitation starts is dependent of k. 
Figure 15 shows pressure distributions for different values of k. If pG0 is set to 0,1 MPa, these 
values correspond to β0 between 0,09 and 0,9. A great dependence on k is showed. Since it is 
not practical to determinate k from β0, this formula becomes uneasy to apply. Moreover, as 
shown in Figure 16, liquid density is never reached, except for higher k (lower β0) and, as 
shown in   Figure 17, mass is not conserved. Since this model does not allow controlling 
cavitation it cannot be used for accurate modeling of bearing performance.  
Due to its simplicity, a polynomial f(p) defined by Cha [40] has been chosen. This has no 
physical sense, but is useful because of its smoothness in the transition and the use of no extra 
parameters besides cavitation pressure. 
 
      
 
 
 
       
  
 
    
 
 
   
 
    
 
 
        
     
 
 
 
 
( 38 ) 
 
Again, as can be seen in Figure 19, mass is not conserved. In this case, however, the pressure 
distribution (Figure 18) is not significantly dependent on cavitation pressure and density 
distribution ( ) is much more similar to the one expected since it shows constant liquid density 
when pressure is greater than cavitation pressure. Instabilities are found in density distribution 
when it drops to zero. Comparing this solution with Giacopini solution, one can see how it does 
not match. Present solution, however, matches with Kostreva’s non mass conservative 
solution presented in Giacopini’s paper.  
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Figure 15. Pressure distribution with Diaz-like solution 
 
Figure 16. Density distribution with Diaz-like solution  Figure 17. Mass flow and its two components with 
Diaz-like solution for k=10
-5 
 
Figure 18. Pressure distribution with polynomial solution 
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Figure 19. Mass flow and its two terms with polynomial  Figure 20. Density distribution for different    
solution for pcav = 1000 Pa  cavitation pressures and polynomial solution 
 
As stated before, this solution becomes non mass conservative when density equals to zero. A 
new function to model cavitation is then searched which approaches asymptotically, but never 
reaches, zero. An exponential function has been chosen: 
                 
 
       
 
( 39 ) 
 
where k is a parameter which allow controlling the decrease of density. 
One can see in Figure 22 that density and its derivative arrives to values really close to zero in 
most cases, which lead to the same problem encountered previously. Even when density does 
not reach zero, instabilities occur and mass flow is also not conserved. Mass flow, shown in  
 Figure 23, also show a similar behavior as in polynomial solution since it also drops to 
zero when density decreases and rise to a different value on film reformation. The pressure 
distribution (Figure 21) is therefore the same as when using polynomial solution. 
In order to use this method, a stabilization method, as presented by Habchi [41], has been 
used, since oscillations in solution where really significant. This makes the solution much more 
complex and computational needs increase severely. This problem has been found for all 
equations tested. 
 
4.7.1. Turn zero right side of Reynolds equation 
In this method, Reynolds equation is written, in the stationary 1D form and considering the 
density constant as follows: 
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where, f(p) is a function which is one for pressures greater than cavitation pressure and drops 
to zero for pressures below it. 
This solution differs from variable density because the function is outside the derivative in the 
left side. This makes the solution much easier to converge and no stabilization technique is 
required. The physics sense of this approach is, however, completely inexistent. 
f(p) functions defined in last section have been tried. Figure 24 shows pressure distribution 
when using polynomial f(p). As shown in Figure 25, this solution is also non mass conservative. 
Both mass flow values before film rupture and after film reformation are the same as those 
obtained with variable density even when transition between them is different. Therefore, 
pressure distribution is the same as in last section. Solution with both Diaz equation and 
exponential function show same similarity with variable density approach. Solution however is 
much more easily obtained.  
 
Figure 21. Pressure distribution for exponential solution 
 
 
Figure 22. Density distribution for exponential solution  Figure 23. Mass flow and its two terms with 
exponential solution for k=6,9e-6 Pa
-2 
 
Modeling of combustion engine bearing lubrication 
39 
Division of Machine elements 
 
 
 
Figure 24. Pressure distribution with zero lefts side method, polynomial f(p) 
 
 
Figure 25. Mass flow and its two terms with zero left size method, polynomial f(p). pcav=10
3 
4.7.2. Penalty method 
A penalty method has also been tried. This method introduces a source on Reynolds equation 
when pressure drops below cavitation pressure. This extra source prevents pressures lower 
than cavitation pressure to appear. Reynolds equation reads, when using this method, as 
equation ( 41 ): 
 
 
  
 
  
   
  
  
  
 
  
 
  
   
  
  
  
 
 
  
  
 
  
  
                     
  
 
( 41 ) 
 
where kcav is a positive small constant used to adjust the smoothness of the transition and Ω is 
the integration domain.  
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Again, the solution is not mass conservative ( 
Figure 26) and pressure distribution (Figure 27) is equal to those find with other methods. 
Time to converge is similar to left side zero. Mass flow shows little oscillations in areas where 
was constant in previous solutions but this does not seem to have any effect on pressure 
distribution.  
 
 
 
Figure 26. Mass flow and its two terms with penalty method. 
 
 
 
 
Figure 27. Pressure distribution with penalty method 
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4.7.3. Further comparison and decision 
A convergent divergent solution, also from Giacopini (case 2) has also been checked to ensure 
that cavitation formation is properly described. Parameters are the same as shown in Table 2. 
Giacopini’s solution is shown in Figure 28. There, one can see how mass conservative and non 
mass conservative algorithms show same film rupture behavior. Pressure distribution for 
different approaches is shown in Figure 29 to Figure 32. 
All methods, except Half Sommerfeld, match properly with Giacopini solution until reformation 
is reached. This was expected after previous analysis. Half Sommerfeld solution should, 
therefore, be discarded when possible. However, it is important to realize that the deviation is 
not so large and its computation is much simpler. Therefore, it can still be of great use in case 
of complex models where application of other approaches can lead to serious problems of 
convergence. Variable density, although having physical sense is discarded because it is far 
more complex and computational heavy and solution obtained is actually the same as for zero 
left side and penalty methods. No criteria have been found to choose zero left side or penalty 
method.  
 
 
 
Figure 28. Pressure distribution for Giacopini’s case 2. Figure obtained from [21] 
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Figure 29. Pressure distribution with Half Sommerfeld solution. 
 
 
 
 
Figure 30. Pressure distribution with variable density. Polynomial f(p). pcav=100Pa 
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Figure 31. Pressure distribution with zero left size approach, polynomial f(p). pcav=10000 Pa 
 
 
 
 
Figure 32. Pressure distribution with penalty method 
 
 
 
4. Model 
44 
Luleå University of Technology 
4.8. Non Newtonian fluid 
Reynolds equation has been derived by assuming that lubricant behaves as a Newtonian fluid. 
However, it has been widely stated that Non Newtonian effects reduce significantly load 
carrying capacity and thus, change the bearing performance. In this section, different ways to 
account for Non Newtonian effects will be considered.  
4.8.1. Non Newtonian models 
The study of non-Newtonian fluids usually starts by considering the following relationship: 
                   
    
  
 
 
( 42 ) 
 
where τ is the shear stress,    is the shear rate and µ is the apparent viscosity, defined to have 
the same meaning as for Newtonian fluids.  
Many different equations have been defined to describe this relationship. An important family 
of these equations can be called double Newtonian models. These models define two 
Newtonian regions (at high and low shear rate) and a transition region between them. This is 
justified by the presence of long linked molecules, which can be unlinked or orientated. The 
first Newtonian region corresponds to shear rates where this modification has not started and 
the second Newtonian region corresponds to shear rates where its effect is saturated. One of 
the first equations given following this consideration is the one given by Cross [26], which 
reads as follows: 
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where µ1 is the viscosity of the first Newtonian region or at zero shear rate, µ2 is the viscosity 
of the second Newtonian region or at infinite shear rate. α is a fitting parameter. Large α 
implies that linkage breaking occurs at low shear rate. The other fitting parameter, n, is given a 
value of 2/3 by the author due to his experimental results. Different values might be given to n 
but it shall guarantee that the function is even, since positive and negative values of shear rate 
lead to the same behavior. 
Many other equations have been proposed by different authors which follows these concepts. 
See, as an example, [27], [34], [28] or [42].   
Another common way to express the viscosity-shear rate relationship is the power law. Under 
this law, viscosity can be represented by the following equation [43]: 
             
 
( 44 ) 
 
where m and n are fitting parameters. 
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Other models do not even follow the general expression given on equation ( 42 ). For example, 
Ree-Eyring model, governed by equation ( 45 ) [30] and Rabinowitsch model, governed by 
equation ( 46 ) [31]: 
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This large variety of models is still in use mainly because different lubricants may match better 
one of those models. This means that use of any of these models to describe a lubricant shall 
start with finding which one is better and then fitting parameters shall be found. Another 
option, if experimental data is available, is using directly shear rate – shear stress data without 
trying to find any analytical relation coupling them.  
Double Newtonian model is the one which fits best for common engine lubricants. Therefore, 
subsequent analysis will be performed having this model as a reference. It will be of interest, 
however, to develop a model which can use numerical data.  
4.8.2. Reynolds equation modification 
The derivation of Reynolds equation must now be changed since viscosity is dependent of z, 
and integration in equation ( 7 ) cannot be made without knowing the relationship between 
viscosity and shear rate. Even knowing it, the integration cannot usually be done analytically 
since viscosity is not dependent directly on z but on shear rate, which is dependent on z. This 
have lead some researchers to develop formulations which include numerical integration (and 
even integration of a function defined as a numerical integration) to solve the parameters in 
the Reynolds equation (see [27], [34] and [36] as an example). These formulations represent a 
huge computational cost and memory requirements, since numerical integration must be done 
for each node every iteration and time step. Also, the integrals must be solved in z coordinate. 
This makes it difficult to match in COMSOL the Reynolds equation (solved in x and y 
coordinates) with these integrals.  
Some researchers have avoided this problem by analytically calculate the parameters of 
Reynolds equation for particular non-Newtonian oil models, leading to a simple, easy to use 
equation. The most popular is used for power law definition. This assumption leads to the 
following modified Reynolds equation [32]: 
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Other authors have found equivalent equations for other models such as the Ree-Eyring[30]. 
All these equations, however, are only of use if the oil used matches the particular model and 
no one is available for double Newtonian models. e 
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Therefore, a new simplification is searched which should allow to reduce complexity of proper 
formulation, use numerical or complex analytical descriptions of viscosity and maintain a 
reasonable error. The simplification proposed is based on considering the viscosity as constant 
in z direction. This allows the use of the same Reynolds equation as for Newtonian fluids. An 
equivalent viscosity must then be chosen which represents the variation of viscosity over z. 
Three different approaches have been tried to define this equivalent viscosity. 
4.8.3. Arithmetic mean of absolute value of shear rate (AMSR) 
In this approach, equivalent viscosity is assumed to be the value corresponding to a 
representative shear rate. This shear rate is calculated as the average of absolute value of 
shear rate. The absolute value is taken because viscosity is not dependent on shear rate sign.  
Since viscosity is considered constant in z direction, shear rate in x and y direction can be 
written exactly as in Newtonian approach. This is: 
     
  
  
 
 
   
         
 
 
 
 
( 48 ) 
 
     
  
  
 
 
   
         
 
( 49 ) 
 
here px and py represent the derivative of pressure in x and y direction respectively (this 
notation has been used to simplify the expressions used), and µx and µy represent the 
equivalent viscosity in x and y direction.  
Arithmetic mean of absolute value can be expressed as: 
          
 
 
 
 
 
     
    
  
 
    
    
 
   
   
      
    
   
 
 
 
 
( 50 ) 
 
         
   
   
 
 
( 51 ) 
 
This formulation requires of iteration since shear rate is dependent on viscosity. However it is 
still much simpler than the solution coming from considering variable viscosity on z.  
4.8.4. Arithmetic mean of viscosity (AMV) 
In this approach, equivalent viscosity is calculated by averaging viscosity. Shear rate is defined 
as in equations ( 48 ) and ( 49 ). Viscosity is then calculated for each point as a function of 
these shear rates and the following integral is solved.  
    
 
 
         
 
 
      
 
( 52 ) 
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This integral could  be solved if viscosity and shear rate are known functions. A more general 
solution has however been used which can be used with both analytical and numerical 
representations of viscosity versus shear rate. 
Considering only z direction and assumptions made when obtaining Reynolds equation 
(equation ( 12 ), one can see from equations ( 48 ) and ( 49 ) that all terms can be considered 
constant except for z itself. Therefore, the differential of shear rate can be written as follows: 
      
    
  
        
 
( 53 ) 
 
Then, a change of variables can be performed and a new integral is found: 
     
    
  
 
  
     
  
  
          
 
( 54 ) 
 
    
 
 
       
  
  
     
      
      
      
 
( 55 ) 
 
In x direction, shear rate in z=0 and z=h can be written as: 
 
       
   
   
 
 
 
        
   
   
 
 
 
 
 
( 56 ) 
 
The function G is defined in equation ( 57 ). This definition is useful because it can be 
generated as a table, by integrating numerically the viscosity, and then introduced in COMSOL. 
This avoids the need to calculate the integral when solving the Reynolds equation and allows 
using a 2D model.  
             
 
 
 
 
( 57 ) 
 
With this definition, equation ( 55 ) can be written as: 
    
  
   
                        
 
( 58 ) 
 
                           
 
( 59 ) 
 
Equation ( 59 ) must be solved together with Reynolds equation to find equivalent viscosity in x 
direction.  
In y direction, boundaries are equal in value but of opposite signs. This allows obtaining a 
simpler equation. Shear rate in 0 and h are: 
4. Model 
48 
Luleå University of Technology 
 
       
   
   
        
   
   
 
( 60 ) 
 
Then, following the same path than in x direction, equation ( 61 ) is obtained: 
                           
 
( 61 ) 
 
Since µ is an even function, G is an odd function. Therefore, one can write: 
                        
   
   
    
 
( 62 ) 
 
Finally one can define qy and rearrange terms to find an expression to calculate µy without 
solving equation ( 61 ): 
    
   
 
 
 
( 63 ) 
 
    
  
       
 
 
( 64 ) 
 
G-1 is the inverse function of G. If G is calculated analytically, G-1 may not be easy to find and 
then equation ( 62 ) shall be used. If G is calculated numerically, however, a table is obtained 
and, then, obtaining G-1 is just a matter of reading the table.  
Equations to calculate viscosity in both x and y direction cannot be solved when pi tends to 
zero. Since this situation cannot be avoided, it must be attended. 
In order to solve it on y direction, one can see that, when py tends to zero, G
-1(qy) tends to µ1qy, 
being µ1 the viscosity at zero shear rate. Also, this tendency shows for relatively high values of 
py. Then, one can reformulate qy in a way that never tends to zero and µy is equal to µ1 when py 
tends to zero: 
    
 
 
 
 
    
 
     
 
      
     
     
 
      
 
 
 
 
 
 
( 65 ) 
 
qymin can be defined as the first value available if using numerical data or as a value which 
introduce an error smaller than a chosen one with respect to µ1. 
In x direction a solution like this one cannot be used since shear rate is not zero when px is 
zero. The next equation is then written: 
                                         
 
 
     
 
( 66 ) 
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The new term in the equation is only introduced when absolute value of px is lower than a 
specified constant. When it does all other terms are nearly zero and then proper viscosity is 
set. kpx must be chosen small but not zero, since it would cause numerical problems. A value 
of 10-5 Pa has been found to be acceptable.  
This method represents a more complex method than the one presented previously, since one 
extra non linear equation must be solved together with Reynolds equation. 
4.8.5. Harmonic mean of viscosity (HMV) 
Same procedure as in section 4.8.4 is applied now. The arithmetic mean is, however, replaced 
by the harmonic mean. This approach seems to have better sense because harmonic mean is 
actually averaging the inverse of viscosity and in Reynolds equation this inverse value is the 
one used. The basic equation is now: 
 
 
  
  
  
      
 
 
      
( 67 ) 
 
Treating this equation as done for the arithmetic mean, and defining the function Ginv, one can 
obtain: 
       
                                    
( 68 ) 
 
           
  
    
 
 
 
( 69 ) 
 
Notice that because of the explicit presence of viscosity in the equation no such simplification 
as equation ( 64 ) can be found and two extra equations must be solved.  
Again, when derivative of pressure approaches zero, equation ( 68 ) cannot be solved. Same 
solution as in section 4.8.4 has been used, leading to final equations: 
       
                                             
 
 
        ( 70 )  
       
                                                    ( 71 ) 
4.8.6. Energy losses evaluation 
Power dissipated per unit of volume due to viscous forces can be written, in the terminology 
used in this section as: 
                        
           
  
 
( 72 ) 
 
 
Power dissipation can then be obtained by integrating over the volume between the journal 
and the bearing: 
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( 73 ) 
 
Integration over x and y directions does not induce any problem since both directions are 
modeled. Integration over z, however, presents the same problems to be performed as 
described in section 4.8.2. Similar simplifications must then be done to evaluate them. Two 
approaches have been tried: integrating by performing a change of variable as done in section 
4.8.4 and integrating by assuming viscosity is constant on z (and equal to equivalent viscosity) 
Using the same change of variables defined in equation ( 54 ) to solve the integrals over z, the 
next expression can be obtained: 
        
  
  
          
     
      
      
 
  
  
          
     
      
      
 
 
 
 
 
 
  
   
 
   ( 74 ) 
By defining a function G2 in the same way as G, one can write the previous expression in a 
more convenient way. 
              
   
 
 
 
 
 
( 75 ) 
 
      
  
  
                        
  
  
                        
 
 
 
 
 
    
   
 
 
 
( 76 ) 
 
If one assumes that viscosity is constant, integration in equation ( 73 ) can be written as 
equation ( 77 ). 
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Since shear rate can be expressed as function of z (equations ( 56 ) and ( 60 )), the inner 
integrals can be evaluated analytically, leading to the final expression: 
       
  
   
    
 
  
   
    
 
    
 
   
 
 
 
 
 
  
   
 
 
 
( 78 ) 
 
A closer look must be taken when derivative of pressure is equal to zero. This situation has its 
main effect when cavitation occurs (the only other point where it occurs is the maximum and 
its effects on friction losses can be neglected). Equation ( 76 ) cannot be solved in this situation 
since it lead to a 0/0 situation. According to equation ( 78 ), the solution of this quotient shall 
be U2µx/h. This, however, is not correct in a physical sense. Using this term would be 
equivalent to estimate the losses for a centered bearing with a clearance equal to h. Since 
cavitation is occurring, the liquid is not filling the entire clearance and therefore this 
equivalence is incorrect. Although some losses may occur, the very low shear rate allows 
neglecting it.  
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In equation ( 76 ) this zero can be obtained by avoiding the denominator to be zero. This can 
be obtained by defining the variable: 
   
    
          
           
  
 
( 79 ) 
 
 
where kpi is a sufficiently low value. 
In equation ( 78 ), this zero can be obtained by multiplying the term by the Boolean expression 
(p>pc). Therefore, equations ( 76 )and ( 78 )should be written as follows: 
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4.8.7. Comparison 
Previous methods to calculate both equivalent viscosity and friction forces have been 
evaluated by comparing with Gecim work [27]. This work has been chosen due to the clarity of 
its results, the similarity with this study and the use of Half Sommerfeld cavitation approach, 
which allow estimating the error of the non-Newtonian simplification itself, without 
interference with the cavitation error.  
The problem assessed by Gecim is a journal bearing without any feeding groove. Specified 
boundary conditions are zero pressure at y equal to L/2, zero flux at y equal to zero (symmetry 
condition) and a periodic boundary condition at x equal to zero and 2πR.  
Two fluids are used, both following equation ( 82 ): 
      
         
         
      
 
( 82 ) 
 
 
where µ1 is the viscosity of the first Newtonian region or at zero shear rate, µ2 is the viscosity 
of the second Newtonian region or at infinite shear rate and β is a fitting parameter which 
accounts for the stability threshold of viscosity. Smaller β implies transition from first to 
second Newtonian starts at smaller shear rates. Parameters defining the oils used, 
corresponding to 10W40 oils, are shown in Table 3. 
Table 3. Oils used by Gecim 
 µ1 µ2 β 
Oil A 0,0111 Pa·s 0,0063 Pa·s 1500 Pa 
Oil B 0,0111 Pa·s 0,0062 Pa·s 20000 Pa 
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In Gecim study, eccentricity is specified and results about the load carrying capacity and power 
losses are obtained. All results are normalized by dividing by values obtained for a bearing in 
same operation conditions but using a Newtonian fluid (with viscosity equal to first Newtonian 
viscosity). Different eccentricities, radius and width are simulated.  
Equivalent viscosity simplification is first analyzed. Figure 33 and Figure 34 show results 
obtained by Gecim using his model. Figure 35, Figure 36 and Table 4 show results obtained 
with the three options evaluated. Errors in Table 4 are calculated by comparing the values 
obtained in this study and the ones given by Gecim. Equation has been used to calculate them. 
       
          
      
 
 
( 83 ) 
 
 
where Vev and VGecim are the values obtained in this work and on Gecim’s work respectively. 
When looking at results obtained with any of three methods, one can find that Gecim results 
show lower load carrying capacity in all situations. A possible explanation for that is that, near 
the wall, viscosity drops significantly making the liquid show a behavior which cannot be 
accounted with the simplifications made. This difference, however, requires deeper study than 
the one within the scope of this work or the one possible with the amount of data available. 
This work will therefore focus on the comparison of methods proposed in order to see which 
one is the best and whether this one is good enough.  
A first comparison can be done between AMSR and AMV approaches due to its similarities. 
AMV shows a smaller load carrying capacity than AMSR. This can be explained by looking 
inside equivalent viscosity calculation. AMSR makes an average of absolute value of shear rate 
giving the same weight to all shear rates.  AMV can be also though as an average of absolute 
shear rate in which shear rates are weighted by corresponding viscosity. Therefore, equivalent 
viscosity is necessarily smaller in the average viscosity approach.  
Comparison between AMV and HMV is more complicated as results do not match with a first 
intuition as the AMV-AMSR comparison. Since harmonic mean always gives a lower value than 
arithmetic mean, one should expect a similar conclusion as obtained in last comparison, 
leading to lower load carrying capacity for harmonic mean. However, results do not show this 
tendency. 
Analyzing the Reynolds equation, one can see how lower viscosity leads to lower pressure (and 
also lower derivative of pressure). However, equation ( 70 ) gives a higher viscosity if derivative 
of pressure is lower. Therefore, once equilibrium is reached, one cannot say whether load 
carrying capacity should be higher or lower. Probably that is the reason why difference 
between HMV and AMV is not constant but varies greatly depending on the case study. In 
Figure 36, HMV proves worst for high eccentricity but difference for low eccentricity is not 
significant. Also, as seen in Table 4, for lower L/R ratio it seems to present closer results.  
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According to these results, and considering that this work focuses on low clearance (i.e. high 
eccentricity) bearings, AMV is considered the best estimation for load carrying capacity. It is 
also simpler to implement as viscosity on y directions does not require solving an additional 
equation.  
 
 
Figure 33. Reduction of load carrying capacity in relation to Newtonian case. Effect of shear rate stability (β). 
ε=0,9; L/R=0,4; R/C = 1000. Gecim’s results. Figure obtained from [27]. 
 
Figure 34. Reduction of load carrying capacity in relation to Newtonian case. Effect of eccentricity (ε). L/R 
=0,4: R/C=1000. Gecim’s results. Figure obtained from [27]. 
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Figure 35. Reduction of load carrying capacity in relation to Newtonian case. Effect of shear rate stability (β). 
ε=0,9; L/R=0,4; R/C = 1000. 
 
 
 
 
Figure 36. Reduction of load carrying capacity in relation to Newtonian case. Effect of eccentricity (ε).  
L/R=0,4: R/C=1000 
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Table 4. Reduction of load carrying capacity in relation to Newtonian case and error. R/C=1000 
angular 
velocity 
(rpm) 
 ε=0,6 ε = 0,9 
L/R=0,2 L/R=0,1 L/R = 0,2 L/R=0,1 
500 
 
AMSR W/WN 0,987 0,994 0,900 0,948 
AMSR error (%) 4,95 18,33 18,45 29,81 
AMV W/WN 0,978 0,989 0,864 0,919 
AMV error (%) 4,02 17,77 13,63 25,84 
HMV W/WN 0,978 0,988 0,864 0,914 
HMV error (%) 4,06 17,66 13,66 25,15 
2000 AMSR W/WN 0,957 0,979 0,786 0,861 
AMSR error (%) 13,90 37,87 20,95 36,69 
AMV W/WN 0,931 0,963 0,746 0,8151 
AMV error (%) 10,78 35,60 14,80 29,38 
HMV W/WN 0,930 0,962 0,742 0,807 
HMV error (%) 10,70 35,44 14,21 28,03 
6000 AMSR W/WN 0,901 0,945 0,685 0,756 
AMSR error (%) 21,69 50,07 14,18 26,06 
AMV W/WN 0,857 0,911 0,664 0,722 
AMV error (%) 15,75 44,65 10,66 20,25 
HMV W/WN 0,853 0,907 0,660 0,711 
HMV error (%) 15,23 44,23 10,05 18,47 
 
According to Table 4, error can be considered acceptable for L/R = 0,2, being under 15%, but 
not for the lower value, when it can grow until 45%.  
A preliminary analysis of the error shown in Table 4 for AMV approach has been performed to 
look for any clear tendency against some parameter. Figure 37 to Figure 40 show some of 
these comparisons. The clearest relation is shown with L/R ratio. 0,2 value have much lower 
error. Correlation with other variables does not show up clearly but the amount of data 
available does not allow discarding any possible relation.  
 
Figure 37. Average viscosity error vs. maximum px 
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Figure 38. Average viscosity error vs. average shear rate on z=h 
 
 
Figure 39. Average viscosity error vs. L/R ratio 
 
 
Figure 40. Average viscosity error vs. average viscosity in x direction 
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A comparison of power losses deviation is shown in Table 5. It can be seen how all errors are 
small, especially those obtained by using the constant viscosity approach. Seeing the 
approximations done until now, one can say that no extra error is introduced because of this 
simplified calculation of power losses if equivalent viscosity is used. A comparison between 
equivalent viscosity calculation approaches does not reveal any difference between them and 
no one is preferred because of this. 
AMV approach is chosen as the best estimation for equivalent viscosity, since estimation for 
load carrying capacity is better and no difference has been found on estimation for power 
losses. The equivalent viscosity approach is chosen to calculate power losses.  
4.9. Grooves 
Grooves shape is defined as a geometrical feature and its borders can be seen as internal 
boundaries. Dirichlet boundary conditions are applied on grooves boundaries to force pressure 
is equal to supply pressure on groove. Also, clearance is increased on the grooves. This ensures 
a constant pressure on groove, since higher clearance prevent any significant pressure 
building. This way to define grooves also allow to account grooves on load carrying capacity 
calculation 
4.10. Numerical solution considerations 
Solving the model exposed previously present convergence difficulties if initial conditions are 
not close to solution. A good procedure to ensure convergence (and the one used in this work) 
consists in finding, as a step zero, the solution for the bearing in a static situation with zero 
eccentricity. Then a time dependent solver can be used to reach the stationary sate and, from 
this point, analyze the duty cycle needed. 
Step zero solution is obvious if both supply pressure and ambient pressure are equal. Then, 
pressure all over the bearing is constant and viscosity can be easily calculated, since shear rate 
is known (it equals to U/C in x direction and zero in y direction). If both pressures are not equal 
static solver shall be used to calculate this zero step solution. If grooves present complicated 
geometries, a parametric sweep of oil supply pressure (from ambient pressure to oil supply 
pressure) might be needed. This has not been the case, however, for case study treated in 
section 5. 
Two solvers have been tried: fully coupled solver and segregated solver. A fully coupled solver 
compiles the equations of all variables together and tries to solve the full system. A segregated 
solver splits the variables in groups (in this case pressure, viscosity and journal eccentricity), 
solves a smaller problem for each and iterates among them until convergence is reached. Since 
it has to iterate, this solver is usually slower. However, since in this model the fully coupled 
system is highly non linear, the segregated system has proved to converge much more easily 
and, therefore, has been chosen.  
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Table 5. Power loss comparison. R/C=1000 
 
Ω 
(rpm) 
ε L/R ratio 
power loss/power loss New Error (%) 
AMSR AMV HMV Gecim AMSR AMV HMV 
In
te
gr
at
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g 
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sc
o
si
ty
 
500 
0,6 
0,1 0,81 0,81 0,81 0,85 -4,64 -4,64 -4,27 
0,2 0,82 0,82 0,81 0,85 -3,88 -3,88 -4,28 
0,9 
0,1 0,71 0,71 0,72 0,75 -5,13 -5,13 -4,40 
0,2 0,72 0,72 0,72 0,75 -3,55 -3,54 -4,24 
2000 
0,6 
0,1 0,68 0,68 0,68 0,71 -4,32 -4,32 -3,97 
0,2 0,68 0,68 0,68 0,71 -3,61 -3,62 -3,92 
0,9 
0,1 0,62 0,62 0,62 0,65 -5,19 -5,19 -4,48 
0,2 0,63 0,63 0,62 0,65 -3,61 -3,61 -4,34 
6000 
0,6 
0,1 0,60 0,60 0,61 0,64 -5,59 -5,59 -5,25 
0,2 0,61 0,61 0,61 0,63 -3,36 -3,36 -3,72 
0,9 
0,1 0,57 0,57 0,58 0,6 -4,57 -4,57 -3,80 
0,2 0,58 0,58 0,58 0,6 -2,99 -3,95 -3,76 
Eq
u
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500 
0,6 
0,1 0,84 0,84 0,84 0,85 -1,39 -1,39 -1,00 
0,2 0,84 0,84 0,84 0,85 -0,65 -0,65 -1,00 
0,9 
0,1 0,74 0,74 0,74 0,75 -1,86 -1,88 -1,17 
0,2 0,75 0,75 0,74 0,75 -0,07 -0,14 -0,87 
2000 
0,6 
0,1 0,70 0,70 0,71 0,71 -1,08 -1,08 -0,69 
0,2 0,71 0,71 0,71 0,71 -0,30 -0,31 -0,67 
0,9 
0,1 0,64 0,64 0,64 0,65 -1,85 -1,89 -1,15 
0,2 0,65 0,65 0,64 0,65 -0,01 -0,12 -0,89 
6000 
0,6 
0,1 0,62 0,62 0,63 0,64 -2,37 -2,37 -1,98 
0,2 0,63 0,63 0,63 0,63 -0,01 -0,03 -0,40 
0,9 
0,1 0,59 0,59 0,60 0,6 -1,17 -1,20 -0,43 
0,2 0,60 0,60 0,60 0,6 0,61 -0,46 -0,28 
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5. Results and discussion 
In this section, a case study is presented and both static and dynamic information about 
bearing behavior is extracted. 
This section has two different aims. First one is to validate the model and check its behavior. 
Second one is to prove that the model can be used to extract all the information it was 
intended to give. It will also serve to get a better insight on bearing performance. 
A study based on truck data would have given more results for Swedish industry, but data 
available was not enough to perform the analysis. Therefore, car data has been preferred 
since, although not from a truck, it comes from a real application.  
5.1. The case studied 
The geometry studied consists of a bearing with a rectangular groove in the center, covering 
half of the circumference (see Figure 41). Parameters defining the model are shown in Table 6. 
They are taken from Paranjpe study [34]. 
 
Figure 41. Geometry of bearing used in the case study 
Only half of the model has been modeled due to its symmetry. It has been unwrapped in order 
to work in a 2D plane. The bearing center is in the line y=0 while x=0 is equal to ϕ=0. The 
groove is placed starting at x=0. 
Table 6. Parameters used in the study 
Parameter Value Description 
R 36 mm Bearing radius 
L 21 mm Bearing width 
C 36 µm Radial clearance 
GW 4,2 mm Groove width 
H 360 µm Clearance increase in groove 
pa 1e5 Pa Ambient pressure 
pcav 1e5 Pa Cavitation pressure 
ps 2,758e5 Pa Oil supply pressure 
m 100 kg Journal mass 
ω 5000 rpm Angular velocity 
kpx 1e-5 Pa/m Constant for equation ( 66 ) 
Oil Oil A Oil properties 
 
Boundary conditions have been set as follows: 
 Ambient pressure at exterior: 
    
 
 
     
 Symmetry condition (zero flux) at the center of the bearing: 
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 Pressure in the groove equal to oil supply pressure 
         
  
 
          
  
 
            
  
 
     
 Continuity between extremes of the rectangle (equal flux): 
                      
Half Sommerfeld solution has been used due to its simplicity and convergence problems 
showed by penalty and turn right side to zero approach. 
A constant load of 8000 N has been applied in y direction until stationary state is reached. 
Then, a peak of force (half sinusoidal wave of 0,005s width and reaching 24000 N) has been 
applied. Figure 42 shows this load. This information has been used to analyze what effect has 
oil and geometrical parameters on both static and dynamic behavior.  
 
Figure 42. Load applied in the case study 
A mesh size of 0,0045 m has proven to be a sufficiently fine mesh in order to find good results. 
Also, 10-4s has been found to be a sufficiently small time step.  
5.2. Interpretation comments 
Before analyzing results and extracting conclusions, some comments must be given about 
simplifications made. 
A first group of simplifications has been used to obtain Reynolds equation. These are 
commonly adopted and properly justified in [6] so no extra consideration will be given here. 
The second group of simplifications includes cavitation and non-Newtonian approaches. These 
approximations are not widely discussed elsewhere.  
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The non-Newtonian approach have been shown to present higher load carrying capacity with a 
controlled error, up to 15%, if L/R ratio is big enough. This behavior allow comparison between 
results since the deviation always have the same sign. Load carrying capacity data, however, 
must be treated carefully since this simplification is not conservative, if compared with 
Gecim’s. This means that this model can show sufficient, but short, load carrying capacity 
when Gecim’s model show insufficient load carrying capacity. 
Cavitation approach presents a more complex error. Comparison with Giacopini [21], has 
shown a higher pressure (and higher load carrying capacity) when reformation and a proper 
solution when rupture for all methods but Half Sommerfeld. Half Sommerfeld solution has 
shown a reduction of pressure when reformation dominates. This is good if one considers that 
the global error will be smaller than the bigger of both. It is also bad as it complicates the 
interpretation as error does not always go the same direction.  
Also, when analyzing the error one must consider that it has been calculated in comparison 
with theoretical methods and not experimental results. 
In order to clarify results interpretation, it will also be helpful to define some terminology. High 
pressure area is the area where the pressure is higher than the average pressure. Low pressure 
area is the area where pressure is non zero but lower than the average area. Cavitation or zero 
pressure area is the area where pressure has been set to zero. Also, groove and non groove 
areas are defined. Groove area includes approximately circumferential angle from zero to pi 
and correspond to the region, in x direction, were groove is present. Non groove area includes 
the rest of the bearing, where groove is not pressure. 
Finally, and in order to correctly interpret the friction analysis, one must consider that, in 
equation ( 81 ),  Couette term (the third one) is much higher than Poiseuille terms (about 20 
times greater in the static case defined in section 5.1). Therefore, conclusions shall be mainly 
obtained from the variation of Couette term.  
5.3. Static study 
A static study has first been performed. Figure 43 shows the pressure distribution obtained 
with parameters in Table 6. Only half of the bearing is represented due to its symmetry in the 
line y=0. High pressure is concentrated in a small area, situated on the left (direction against 
surface velocity) of minimum clearance point. Cavitation occurs on the other side of minimum 
clearance line and low pressure is found at left side of high pressure. 
Figure 44 and Figure 45 show distribution of equivalent viscosity on x and y directions 
respectively. Since Couette term in shear rate calculation is more important, equivalent 
viscosity on x direction follow a similar trend as the clearance. It reaches its minimum (almost 
low viscosity value) at minimum clearance and it grows when clearance grows. In the groove, 
since clearance is much bigger, viscosity is close to high viscosity value. When cavitation 
occurs, equivalent viscosity is calculated without taking this on account. Since both pressure 
and power losses are set to zero in this area, this fact has no effect on final results. 
Shear rate on y direction is not influenced by the Couette term and, therefore, it only depends 
on pressure gradient. Because of this, the equivalent viscosity is close to the high viscosity 
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value in most of the bearing. It decreases greatly on high pressure area and slightly on low 
pressure area.  
 
Figure 43. Pressure distribution for the case study. Parameters from Table 6. 
 
 
Figure 44. Equivalent viscosity distribution on x direction for the case study. Parameters from Table 6. 
 
 
Figure 45. Equivalent viscosity distribution on y direction for the case study. Parameters from Table 6. 
 
Same study has been performed modifying different parameters in order to see how the 
system responds to changes. In order to compare different parameter values, maximum 
pressure, minimum clearance and friction losses have been chosen to define the bearing 
behavior.  
Three different oils have been checked and also three different geometrical parameters have 
been analyzed: groove width, groove placement and radial clearance. All parameters which are 
not explicitly changed are the same as defined in Table 6. 
5.3.1. Oil parameters 
Three different oils have been evaluated. They are shown in Table 7. Oils 1 and 2 are the same 
as Oils A and B used in section 4.8.7. Oil 3 have a lower first Newtonian viscosity and could be a 
10W30. Oils 1 and 2 shall be used to compare oil stability threshold (i.e. how high must the 
shear rate be before transition between high and low viscosities starts) while 1 and 3 to 
compare the effect of first Newtonian viscosity value.  
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Table 7. Parameters of used oils 
 µ1 µ2 β 
Oil 1 0,0111 Pa·s 0,0063 Pa·s 1500 Pa 
Oil 2 0,0111 Pa·s 0,0062 Pa·s 20000 Pa 
Oil 3 0,0073 Pa·s 0,0063 Pa·s 1500 Pa 
 
Figure 46 to Figure 48 show maximum pressure, minimum clearance and friction losses for the 
three different oils.  
Oil 1 and 3 do not show any significant difference. In the high pressure area, shear rate is 
intense and viscosity is close to the second Newtonian and, therefore, this area is similar for 
oils 1 and 3. Since this area is the most relevant for load carrying capacity, maximum pressure 
and minimum clearance are similar. Friction losses are strongly dependent on eccentricity and, 
therefore, are also similar for both oils.  
Oil 1 and oil 2 show a more relevant difference, which is around 15%. Viscosity does not drop 
so easily with oil 2, leading to a higher equivalent viscosity. Therefore, behavior becomes 
similar to higher viscosity oil. This means that minimum clearance can be higher and maximum 
pressure, lower. As a drawback, energy losses are higher.  
These results show how traditional oil characterization gives insufficient information to 
properly consider non-Newtonian effects. A common SAE table [44] gives two values of 
viscosity at low and high shear rate which can be seen as zero shear rate and infinite shear rate 
value. This study show, however, how these two values are not enough to define completely 
the oil and even that information missing can be more important than the one given. First 
Newtonian viscosity has shown to have small effect when shear rate is important and second 
Newtonian dominates. In an opposite way, oil stability threshold, which is not usually given, 
has proved to have significant effect on bearing performance. Manufacturers will therefore 
need more information from the lubricant supplier. 
 
 
Figure 46. Static study. Maximum pressure for oils A to C. 
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Figure 47. Static study. Minimum clearance for oils A to C 
 
Figure 48. Static study. Friction losses for oils A to C. 
5.3.2. Groove width 
Effect of groove width on bearing behavior has been analyzed by simulating it for values of 2,1 
mm, 4,2 mm, 6,3 mm, 8,4 mm, 10,5 mm. These correspond to 0,1 to 0,5 times the bearing full 
width. Load has been also applied in y direction but with both positive and negative sing. The 
use of y direction and both signs leads to a high pressure area near the center of the groove 
area and the non groove area.  
Figure 49 shows maximum pressure and Figure 50 shows minimum clearance. One can see 
how groove effect is large when high pressure is on the groove area while it is almost 
unappreciable when it is not. When maximum is on groove area the high pressure area is 
reduced due to the groove and reduction is greater as groove width increases. Since load 
carrying capacity must be the same, maximum pressure must be increased, which lead to a 
reduction of minimum clearance. When pressure maximum is in the non groove area, an 
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increase of its width does not affect the high pressure area available and, therefore, no 
significant change occur.  
Figure 51 shows how power losses are reduced when groove is increased in both 
circumstances.  Friction on the groove is almost zero, since clearance is high and pressure is 
almost constant. When increasing groove width, this region with zero friction is increased and 
global friction is then reduced. Due to the rise of maximum pressure (and the reduction of high 
pressure area) derivatives of pressure become higher, rising the friction on the high pressure 
area. However, since Couette term is more important, this growth is smaller than the 
decrement due to groove, leading to a general decrement of friction losses. When high 
pressure area is in the non groove area, this effect also occurs, but is less important because 
most friction occurs at high pressure region, which is not affected by the groove. The reduction 
occurs due to a reduction of low pressure area which, although less important, is still 
significant when evaluating friction losses. 
 
Figure 49. Static study. Maximum pressure for different groove width. 
 
Figure 50. Static study. Minimum clearance for different groove width. 
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Figure 51. Static study. Friction losses for different groove width.  
5.3.3. Groove placement 
Since force has mainly a fixed direction, it can be useful to analyze whether it exists a preferred 
placement for the groove. In order to see this, load has been applied in differed directions 
covering the hole bearing circumference. Force angle α is defined in Figure 52 and is used to 
describe applied load direction and orientation.  
 
Figure 52. Definition of applied load direction 
As shown in Figure 53 and Figure 54, there are two regions where maximum pressure and 
minimum clearance are almost constant. These correspond to those angles on which high 
pressure area is almost entirely inside the groove area or the non groove area. In both these 
situations one cannot find significant differences when displacing force slightly.  
The non groove area has a bigger high pressure area (groove make it small) and, therefore, 
maximum pressure can be smaller and minimum clearance higher. The transition regions in 
the graphic correspond to angles where high pressure area is in between groove and non 
groove area. The behavior here is more complicated, leading to peaks found in the graphics at 
theta equal to zero and pi.  
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Friction is smaller when the high pressure area is in the non groove area, which seems to be in 
contradiction with section 5.3.2, where it has been stated that groove reduces friction. High 
pressure area is bigger in the non groove region but difference on maximum pressure is also 
much higher (maximum pressure in groove region is around double of maximum pressure in 
non groove region) leading to results obtained.  
When analyzing friction distribution, both regions can still be identified, but power losses are 
not constant. This can be explained because low pressure region does not affect much 
maximum pressure but has its effect, although smaller, on power losses (since Couette term is 
the most important, lower pressure regions can contribute significantly even when derivatives 
of pressure are almost zero). Since pressure and clearance in the high pressure area is similar, 
friction in this region is also similar. Low pressure area, however, can be bigger or smaller 
depending on the groove placement without affecting maximum pressure and minimum 
clearance. At higher angles (for the non groove area) and at small angles (for the groove area) 
low pressure area has an important part in the groove area, leading to a reduction of friction.  
Attitude angle depends on applied load and, therefore, is not constant during a duty cycle. A 
good practice, then, seem to design the bearing in a way that high pressure can be in the non 
groove area all the time. Power losses will not be optimized in this case (minimum can be 
found in the extreme of this area), but behavior will be more stable, since clearance will be 
nearly constant. In this study, an appropriate force direction would be negative in y direction. 
A more optimized direction (or groove placement) may be found, however, for a particular 
duty cycle.  
 
 
Figure 53. Static study. Maximum pressure for different groove placements. 
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Figure 54. Static study. Minimum clearance for different groove placements. 
 
Figure 55. Static study. Friction losses for different groove placements. 
5.3.4. Radial clearance 
If radial clearance increases, and for a given dimensionless eccentricity, pressure decreases 
(this can be seen from equation ( 12  where C is powered by 3 in the right size and by 1 in the 
left size and also if one consider that the wedge effect is reduced). Therefore, a greater 
dimensionless eccentricity is required, which reduces high pressure area. Because of this, 
maximum pressure must be increased (see Figure 56) and minimum clearance is also reduced 
(Figure 57). 
Shear rate is increased in the high pressure area, since clearance is smaller. This makes terms 
regarding derivative of pressure in friction losses rise. Also, the maximum of the term 
regarding velocity is also increased due to lower minimum clearance. Viscosity in this region, 
however, is also decreased, making this growth smaller. This growth is, however, insufficient to 
compensate the decrease caused by reduction of high pressure area (and high friction area), 
which leads to the observed decrease of global friction losses (Figure 58).  
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Figure 56. Static study. Maximum pressure for different radial clearances. 
 
Figure 57. Static study. Minimum clearance for different radial clearances. 
 
Figure 58. Static study. Static study. Friction losses for different radial clearances. 
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5.4. Dynamic Study 
Dynamic behavior of the bearing has been performed by analyzing its response to a peak, 
applied as described in section 5.1. 
Figure 59 to Figure 62 show the response of the bearing (parameters from Table 6) to the 
peak. Minimum clearance is reduced in order to raise pressure and be able to hold the new 
load carrying capacity. There is, however, a delay between the peak of applied load, minimum 
clearance and maximum pressure. This is due to journal inertia and squeeze effect. The 
increase of eccentricity also produces a variation on attitude angle, which lead to greater 
displacement. After the peak, the journal oscillates before stationary state is reached again. 
Finally, the increase of shear rate due to higher pressure and lower clearance results in an 
increase of friction losses. 
A study of the effect of different parameters on bearing performance has been performed. 
Parameters studied and its values are the same as in section 5.3. This study focuses on the 
stability of the journal and its capacity to follow the peak. 
Stability of journal has been checked by estimating the time needed to reach stationary after 
the peak is over and the journal maximum displacement. Time needed to reach stationary has 
been taken as the time after the peak ends (when force is 8000 N again) after which all values 
has a difference smaller than 5% with the stationary value. Both minimum clearance and 
maximum pressure times have been calculated, choosing the stabilization time the maximum 
of them. Displacement is complicated to evaluate properly as a two dimensional movement is 
taking place. Therefore amplitude of attitude angle and minimum clearance has been used.  
Capacity to follow the peak has been analyzed by finding the delay between load peak and 
minimum clearance and maximum pressure peaks.  
 
 
Figure 59. Minimum clearance variation due to load peak applied. Parameters from Table 6. 
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Figure 60. Attitude angle variation due to load peak applied. Parameters from Table 6. 
 
 
 
 
 
Figure 61. Maximum pressure variation due to load peak applied. Parameters from Table 6. 
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Figure 62. Friction losses variation due to load peak applied. Parameters from Table 6. 
5.4.1. Oil parameters 
Attitude angle and minimum clearance amplitude can be seen in Figure 63 and Figure 64. 
Differences observed between the three oils are small. This can be explained because, in high 
pressure area, which is the most relevant when defining the bearing’s behavior, viscosity is 
close to the second Newtonian and, therefore, all three oils are similar. The increase of load 
also increases shear rate and, therefore, oils become more similar than in the static analysis, 
leading to the results observed. This similarity can also be seen in time necessary to reach 
stationary state (Figure 65) 
 
 
Figure 63. Dynamic study. Minimum clearance amplitude for oils A to C. 
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Figure 64. Dynamic study. Attitude angle amplitude for oils A to C 
 
Figure 65. Dynamic study. Time to reach stationary state for oils 1 to 3. 
 
Delay (Figure 66) is greater for clearance than for pressure. This is because of the squeeze 
effect. When peak starts, applied load is greater than pressure load. This leads to an 
acceleration which increases the speed at which clearance is reduced. Therefore, squeeze 
effect becomes important, and, with the increment of wedge effect can compensate the 
applied load. When pressure load is greater than applied load, however, the journal has a 
speed. This means that clearance continue to decrease. The reduction of journal speed makes 
squeeze effect to be reduced, leading to the important delay between maximum pressure and 
minimum clearance, which is greater than the delay between maximum load and maximum 
pressure.  
Again, no remarkable difference can be seen when comparing the three oils.  
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Figure 66. Dynamic study. Delay between clearance and pressure peaks and load peak for oils 1to 3. 
 
5.4.2. Groove Width 
Figure 67 and Figure 68 show, respectively, the amplitude of minimum clearance and attitude 
angle. As expected from previous results, grove width does not have any significant effect 
when high pressure area is on non groove area. Also, a correlation is found between minimum 
clearance and attitude angle amplitude, which allow saying that displacement is smaller when 
groove width increases. As said previously, when clearance is smaller, greater pressure 
variations are found for the same displacement. Since minimum clearance in the stationary 
state is smaller when groove width is bigger, less displacement is needed to achieve the same 
load carrying capacity increase.  
A reduction of time to reach stationary can be observed (Figure 69) when groove width 
increases for low groove width. This can be explained because of a reduction of speed reached 
by the journal. Since displacement is smaller, journal has less time to accelerate, leading to a 
smaller speed. A serious increase of time to reach stationary can, however, be observed for 
the highest groove width. As already said, pressure grows asymptotically when clearance reach 
small values. In this situation, a small variation of clearance will lead to a great variation in 
pressure, leading to instability shown.  
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Figure 67. Dynamic study. Minimum clearance amplitude for different groove width. 
 
Figure 68. Dynamic study. Attitude angle amplitude for different groove widths. 
 
Figure 69. Dynamic study. Time to reach stationary state for different groove widths. 
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Pressure delay is shown in Figure 70. As explained in last section, it is smaller than clearance 
delay. A decrease is, however, observed in minimum clearance delay when groove width 
increases. The lower displacement needed seems to be, again, the reason for this behavior.  
 
Figure 70. Dynamic study. Delay between clearance and pressure peaks and load peak for different groove 
widths. 
 
5.4.3. Groove situation 
Displacements (Figure 71 and Figure 72) show, as seen in the static study (section 5.3.3), two 
areas where they can be considered constant and two transition areas between those. This 
was expected since, as seen in last two studies, displacement is greatly dependent on 
conditions in stationary value. Comparing figure number and figure number, one can see, 
again, how the region with minimum clearance in the static study shows now smaller 
displacement.  
Time to reach stationary state (Figure 73) show a tendency following what expected from 
previous studies. Since clearance is not small enough to show instability due to rapid variation 
of pressure, a lower displacement means lower time to reach stationary.  
Pressure and clearance delays are show in Figure 74. Pressure delay is, again, approximately 
constant. Clearance delay also show the same correlation with displacement seen in previous 
results.  
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Figure 71. Dynamic study. Minimum clearance amplitude for different groove placements. 
 
Figure 72. Dynamic study. Attitude angle amplitude for different groove placements. 
 
Figure 73. Dynamic study. Time to reach stationary state for different groove placements.  
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Figure 74. Dynamic study. Delay between clearance and pressure peaks and load peak for different groove 
placements. 
5.4.4. Radial clearance 
As shown in Figure 75, minimum clearance amplitude increases when radial clearance 
increases but, as shown in Figure 76, attitude angle amplitude decreases when radial clearance 
increases. Tendency seen in all other parameters is then broken. This is because radial 
clearance variation implies different wedge effect for the same minimum clearance. One must 
notice, however, how the quotient of minimum clearance amplitude and radial clearance has a 
behavior which matches the attitude angle amplitude.  Thinking in terms of this quotient, same 
conclusion can be extracted that for previous parameters. Higher radial clearance implies 
smaller quotient for the stationary situation and therefore a smaller variation when applying 
the peak. However, since this variation is smaller than radial clearance variation actual 
displacement is greater.  
 
Figure 75. Dynamic study. Minimum clearance amplitude for different radial clearances. 
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Figure 76. Dynamic study. Attitude angle amplitude for different radial clearances. 
Time to reach stationary state (Figure 77) shows the same behavior as in groove width analysis 
(section 5.4.2). It decreases for low radial clearances and it increases for high radial clearance. 
Same explanation cannot be applied, since minimum clearance is greater for highest radial 
clearance than for highest groove width. Displacement reduction, however, becomes smaller 
as radial clearance increases and pressure variation effect becomes more important.  
 
 
Figure 77. Dynamic study. Time to reach stationary state for different radial clearances. 
 
One can see in Figure 78 that pressure delay is not affected by radial clearance (see that the 
time step saved is 0,1 ms, therefore, a difference of 0,1 cannot be seen as an actual 
difference). Minimum clearance delay is reduced as radial clearance increases for low values of 
radial clearance but it tends to be constant for high radial clearance values. This is the same 
behavior shown by displacement, which confirms the relation between displacement needed 
and clearance delay stated in previous studies.  
0 
0,05 
0,1 
0,15 
0,2 
0,25 
10 15 20 25 30 35 40 45 50 55 A
tt
it
u
d
e
 a
n
gl
e
 a
m
p
lit
u
d
e
 (r
ad
) 
Radial clearance (um) 
Attitude angle amplitude 
0 
1 
2 
3 
4 
5 
10 15 20 25 30 35 40 45 50 55 T
im
e
 t
o
 r
e
ac
h
 s
ta
ti
o
n
ar
y 
(m
s)
 
Radial clearance (um) 
Time to reach stationary 
5. Results and discussion 
80 
Luleå University of Technology 
 
Figure 78. Dynamic study. between clearance and pressure peaks and load peak for different radial 
clearances.  
5.5. Results summary 
Oil parameters show that having only viscosity at high and low shear rate is not enough to 
define the behavior of the oil. Shear rate stability has shown to have an important role, since 
oil behaves as higher viscosity oil for medium loads. As load increases, however, its effect is 
clearly reduced. Viscosity at low shear rates has not show any significance in this study. 
Increasing eccentricity reduces high pressure area, concentrating all pressure in a smaller 
region. This has a good effect on friction losses but it might have a negative effect on wear, 
since it will also be more concentrated. 
Time to reach stationary state after the peak decreases (and, therefore, stability increases) 
when minimum clearance decreases due to reduction of speed achieved by the journal. If 
minimum clearance is too low, however, pressure varies much faster increasing instability. This 
situation is also dangerous due to high risk of mixed lubrication.  
High stability and lower friction seems also to be found in the same situations (lower minimum 
clearance). This is not the case, however, for groove situation, since one find lower friction 
when high pressure area is on non groove area and higher stability when it is on groove area.  
Journal follows better load variation when minimum clearance is smaller, since displacement 
needed in order to compensate this variation is lower.  
It is positive for the bearing performance to increase eccentricity since power losses are 
reduced and better stability is found. A reduction of equivalent viscosity (via reducing high 
shear rates viscosity or reducing stability), an increase of groove width, and an increase of 
radial clearance favor this situation. However, lowering too much the minimum clearance may 
lead to opposite results as well as important risk of mixed lubrication and higher wear. 
Therefore, careful study must be done to find optimum clearance. Groove placement show to 
stable regions. When designing a bearing for a particular duty cycle, a situation must be 
searched in which the bearing always work in one of those stable regions.  
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6. Conclusions 
A model have been developed which is able to include cavitation and non Newtonian effects 
and can be solved in commercial software as COMSOL.  
Different cavitation models have been tested, showing their weakness when film reformation 
is important and their good results when it is not.  
A new approach to account non Newtonian effects has been presented, which can be used in 
FEM commercial software. This solution can be applied for any Non Newtonian behavior, even 
without the need of an analytical description of viscosity. A first evaluation, with a double 
Newtonian lubricant, of this approach shows that it can be a sufficiently good approximation if 
the bearing is wide enough. Need for deeper study has, however, been pointed out. Also, the 
need of a better characterization of the lubricant than only viscosities at high and low shear 
rate has been pointed out.  
Benefits of high eccentricity have been presented in both stability and friction issues. It has 
also pointed out, however, the strong need to avoid to high values, since stability can be 
worsened even before reaching mixed lubrication. Also, different parameters have been 
evaluated to see how they affect the bearing performance. 
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7. Future work 
Before using the model to extract information about truck engine bearings, it should be 
verified with data coming from truck industry. This is important to be remarked since the 
model has only been verified for car engine bearing and working conditions might be 
significantly different.  
Since the scope was to develop a basic model to work with in the future, some physical effects 
have not been considered. The most important of this might be temperature effect on both 
lubricant properties and surfaces deformation, pressure effect on viscosity, deformation of 
journal and bearing due to mechanical forces or journal misalignment. These effects should be 
evaluated using actual truck data to decide whether they must be included or not.  
Also Non Newtonian evaluation have proved to be promising at sight of errors seen. Further 
evaluation should, however, be done. This evaluation should have two different objectives: 
reduce the error if possible and delimit the work region where it can be applied.  
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